IIpakTnyeckoe 3ansitue 11

Tema: 3akon 60mabiux uncen. HepaBenctso YeOrbimena.

Heab: U3yyuTh 3aKOH OOJBIIMX YHCEI, HEPABEHCTBO YeObIlieBa; MO3HAKOMUTh
C METOJIaMH pelIeHus 3a/1a4.

Oo0Omue TCOPETUYECCKUEC MMOJOKCHUA U PCIICHUE TUIIOBLIX 3a1a4

Ecan cnyqaﬁHaﬂ BeJIMUMHA X IMPUHUMACT TOJIBKO HCOTPUIATCIbHBIC 3HAYCHUS
N UMCCT MaTCMAaTHYCCKOC OKUIaHHC M(X), TO AJIA JF000T0 MOJI0KUTEIHLHOTO

qncCiia € BEPHO HCPABCHCTBO!

P(X:_”E)E@

AnpTepHaTuBHas (hopma 3arrcu HepaBeHCcTBa MapkoBa:
PX<e)=1-— @
CnencrBue
Jist mo0oit citydaitHoM BenmnuuHbl X npu J1r000oM € >0 uMeeT MecTo HEpaBeHCTBO:
M(x?)
EZ

Ipumep 1. OueHUTH BEPOSITHOCTH TOTO, 4TO Ipu 3600 HE3aBUCUMBIX
o10pachIBaHUSX UTPAIBHOTO KyOHKa YKCIIO MOSBICHUN IECTH OYKOB Oy/IeT He
Menble 900.

Pemenne
[Tycts X — yncno nossneHuit mectu oukoB mpu N=3600 moxbpackiBaHUIX.
Toraa MaTeMaTHYECKOE OXKUJIAHUE CITyYaHHOW BEJIMYMHBI, PACTIPEICICHHON 110

P(IX| > ¢) =

1
OMHOMMAIILHOMY 3aKOHY C P = o

1
M(X) = np = 3600 e 600
CornacHo HepaBeHCTBY Mapkoga:
M(X
PX=¢)= %

HO}ICT&BJ’IHH YHCJIOBBIC 3HAUCHHUA, ITOJTyUaACM:

P(X = 900) <6OD —2—06667
- —900 3 '

OtBeT: P = 0.6667,

IMpumep 2. Cymma Bcex BKIIAJOB B HEKOTOpOM OaHke cocTaniseT 40 MiH. p., a
BEpPOSITHOCTh TOTO, YTO BRIOpaHHBIN BKia He TipeBbimaet 300 Toic. pyo., paBHa 0,8.
KakoBo uncno BKIaAUUKOB TaHHOTO OaHKa?

Pemenue
ITycte X — pa3mep ciaydailHO B34TOrO BKJIaJa, a N — YUCII0 BCEX BKIIAAOB. Torna us
yCIJIOBHUS 33/1a4 CIEAYET, UYTO CPEeIHUN pa3Mep BKIIAJa:

40000
M) =

Hcnonp3yem HepaBeHCTBO MapkoBa:

P(X<£)>1—@

TEBIC. py0.

Ilpu € = 300 TrIC. PY6. py6. [1OJIy4aeM:



40000

300n
Vuureisas, To P(X < 300) = 0,8 nonyuaem:
40000

1—
300n
OTCIOI[& YHCJIO BKIIaAYHUKOB:

n < 667
OrtBeT: He Oosiee 1 = 667 BKIIATYNKOB.

Pemenne 3. MaremaTuueckoe 0’kUJaHUE OTKIOHEHUS OT LIEHTPa MULIEHU [IPU
cTpenbOe 1o Hel coctaBisieT 6 cM. OLIEHUTh BEPOATHOCTH TOTO, YTO MPH CTPENIbOE 10
KPYrOBOM MUILEHU PaguyCcoM 15 ¢cM MpOU30UIET MOIaJaHue B MULLEHbD.

Pemenune

Ecnu cnyyaitnas BenmnunHa X MOXKET IPUHUMATH TOJIBKO HEOTPHIIATEIEHBIC
3HAYEHHUS U Y HEE €CTh MAaTEMaTUYECKOE OKUIaHKE, TO KaKoBa Obl HU ObLIa
MOJIOXKUTETbHAS BEJIMUMHA X TOH JK€ pa3MEPHOCTH, UTO U X, BCEr/la BBITOIHACTCS
HepaBeHCTBO Mapkosa:

M(X)
£
[Tomaanye B MUIICHD IPOM30MIET, €CIIM OTKJIOHEHHE OT IIEHTPa MUIICHH & < 15,
HOJIy4aeM:

P(X < 300) >1—

< 0.8

PX<eg)=1-

6
PX<15)=1-7-=06

OrBer: P(X < 15) =06

Henp3s 3apanee yBEpeHHO NPEABUAETH, KAKOE U3 BO3MOXKHBIX 3HAYEHUN IPUMET
Cly4JaiiHasi BEJJMYMHA B UTOT'E UCITBITAHUS; 3TO 3aBUCUT OT MHOTUX CIyYalHBIX IPUYHH,
YYECTh KOTOpPBIE HEBO3MOKHO. [Ipy HEKOTOpBIX CPaBHHUTENIBHO MIMPOKUX YCIOBHUAX
CyMMapHO€ TMOBEJIEHHUE JIOCTATOYHO OOJBIIOr0 YHMCIA CIyYalHBIX BEJIWYMH MOYTHU
yTpPauMBaEeT CIy4YalHbIM XapaKTEP U CTAHOBUTCS 3aKOHOMEPHBIM.

Jns TpakTUKXW OYeHb BAXXHO 3HAHUE YCJIOBUM, IPU BBINOJHEHUM KOTOPBIX
COBOKYITHO€ JEHUCTBUE OYEHb MHOIMX CIIyYaWHBIX IIPUYMH IPUBOIAUT K PE3YyJIbTATY,
IIOYTH HE 3aBUCSIIEMY OT CIIy4as, TaK KakK I03BOJIIET IPEABUAETH X0 SIBJICHUN. JTH
YCIIOBUSI U YKa3bIBAIOTCS B TEOpEMax, HOCALIUX oOllee Ha3BaHHE 3aKOHA OOJIbLIMX
gyucen. K 3akoHy OOJBIIMX YHMCENT NPEXKAE BCEro0 OTHOCUTCA TaK Ha3bIBAEMOE
HepaBeHCTBO YeObllieBa, KOTOPOE OLICHWBAET B OTAEIbHOM HCIIBITAHUU BEPOSITHOCTD
MIPUHATHS CIIyYalHOW BEJIMYNHOW 3HAYEHUS, YKIOHSIOIIEECS OT CPETHETO 3HAYCHHUSI HE
0oJiee, 4eM Ha 33JJaHHOE 3HAYCHHUE.

Hepasencmeo Yebviuesa

BeposTHOCTB TOr0, 4YTO OTKIIOHEHUE CIIy4anHOM BEJIUYUHBI X OT €€
MaTEMaTUYECKOT0 05KHUJIaHUA 110 a0COTIOTHON BEIMYUHE MEHBIIIE MMOJI0KUTEIHHOTO

2
qycna €, He MeHblue, yem 1 — D(X) /&%

D(X
P(lx —-MX)| <e)=1 —%
Taxoke HepaBeHcTBO UeObIeBa MOXKHO 3anucaTh B Apyroi Gopme:
D(X)

P(X — M(X)| = &) < —5
&



3ameuanue. HepaBencTBo UeObIlieBa MpUMEHSIETCS sl TEOPETUUECKUX
HCCIIETOBAHNM.

Jnst cnydaiiHOU BeTMUMHBL X=M (YKUCIIO MOSBICHUS COOBITHS B N UCIIBITAHUSX ),
MMEIOIIEe OMHOMUAIBHBIN 3aKOH PaclpeAesIeHUs C MATEMATHYECKUM
oxunanrem M (X) = np y mucnepcueit D(X) = npq mepaBeHcTBO OyIeT BHITIAIETD

CIEAYIOIIUM 00pa3oMm:
P(lm—np|l<e)=1 _r%q

JI71st 9acTOTHI M/ M HACTYIUICHHST COOBITHS B 7 HE3aBUCHMBIX UCIIBITAHUSX, B
KaXJIOM U3 KOTOPBIX OHO MOKET IPOU30UTH C OJHOM U TOM K€
BeposTHocThI0 M (m/1) = p, u umeromei aucnepcuro D(m/n) = pq/n nonyyaem:

m Pq

P(‘;—p <.~—:) = I_E
[TocnenHee HepaBEHCTBO TAaKyKE M3BECTHO KaK HEPABEHCTBO U3 TeopeMbl bepHysuu.

Teopema Hebvruesa

Ecnu X1, X2, - Xn, - - IONIAPHO HE3aBUCHUMBIE CITy4aifHbIC BEIMYUHBI, TPUYEM
JUCIIEPCUU UX PAaBHOMEPHO OTrpaHUYEHbI (HE MPEBBIIAIOT NOCTOsIHHOTO yncaa C), To,
Kak Obl MaJI0O HU ObUIO MOJIOKUTEIBHOE YUCIIO €, BEPOSITHOCTh HEPABEHCTBA:
X, +X++X, MX)+MX,)++MX,)

n B n

OyJeT, KaKk yroJgHo, OJu3Ka K eAMHUIIE, €CJIM YUCIIO CIIyYailHbIX BETUYHH JIOCTATOYHO
BEIUKO. J[pyruMHu ciI0BaMu, B yCIIOBUSIX TEOPEMBI

(‘Xl X+ Xy MX) + M(Xp) + -+ M(X,,)l 3 E) .

n I

< £

lim P

n—oo

Takum 00pa3zoM, TeopeMa YeOrnilieBa yTBEpKJIaeT, UTO €CJIM paccMaTpUBaCTCS
JIOCTATOYHO OOJIBIIIOE YKCJIO HE3aBUCUMBIX CIIy4YaWHBIX BEJIUYUH, HMEIOLIUX
OTPAaHUYCHHBIC JUCHEPCUU, TO TOUTU JOCTOBEPHBIM MOXKHO CUUTaTh COOBITHE,
COCTOSIIIIEE B TOM, UTO OTKJIOHEHUE CPEIHETO apu(PMETUUECKOTO CIIyYalHbIX BEJIMYUH
OT CpeJIHEeTO apu(PMETHUUECKOTO UX MATEMAaTHUYECKUX OKHUIAaHUMN OyIeT 1o aOCOMIOTHOM
BEJIMYUHE CKOJIb YTOAHO MajlbIM.

Gopmynupysi Teopemy UeObllieBa, MbI TpeAnoiarajivd, 4YTO CIy4ailHbIe
BEJTMYMHBI UMEIOT pa3IuYHbIC MaTeMaTHUeCKue oxkuianus. Ha mpakTuke yacto ObIBaeT,
YTO CIJIy4ailHble BEJIMYMHBI HMMEIOT OJHO M TO € MAaTeMAaTU4YEeCKOE OKHIAHUE.
OueBHIHO, YTO €CJIA JOMYCTUTh, YTO TUCIIEPCUH 3THX BEJIIMUYUH OTPAHUYEHBI, TO K HUM
Oyner npuMeHuMa Teopema YeOpliiena.

O0603HaYMM MaTEeMaTHIECKOE OXKUIAHNE KAXKIOU U3 CITyIaillHbIX BEJIMYUH
yepes a; B pacCMaTpUBaEMOM ClTydae CpeiHee apuPpMeTUIeCKOe MaTEMaTHIECKUX
OKHMJIaHUH, KaK JIETKO BUIETh, TAK)KE paBHO . MBI MOXkeM chopMyTupoBaTh TEOPEMY
UYeOnIiieBa 1 paccMaTpUBAEMOTr0 YaCTHOTO CITyvas.

Ecmu X1, X2, ..., Xy ... - mONapHO HE3aBUCUMBIC CITyYaliHbIC BEJIMYMHBI, UMCIOIINAC
OJIHO U TO K€ MaTeMaTHYE€CKOE OXKHUIaHUE a, U €CJIU TUCTIEPCUM ITUX BEJIMUUH
pPaBHOMEPHO OTPaHUYCHBI, TO, KaK ObI MaJio HU ObLIO YKCIo € = 0, BeposATHOCTD
HEPaBEHCTBA:

X1+ X, + -+ X,
- _

al < ¢



OyJIeT, Kak yroaHo, OJu3Ka K eUHUIIE, €CIIM YUCIIO CITyYailHbIX BETUYHH IOCTATOYHO
BENMKO. J[pyruMu clioBaMu, B yCJIOBUSIX TEOPEMBI OYJIET IMETh MECTO PABEHCTBO

X+ X, ++X
limP( 1 z z ar:s)zl
Ti— oo n

IIpumep 4. B 1200 ucneitanusx bepHyJIM BEpOSTHOCTH YCI€Xa B KaKIOM
ucneiTanuu paBHa (,8. C momolpio HepaBeHCTBa YeObIleBa OLEHUTh BEPOSTHOCTH
TOI0, YTO Pa3HULA MEXKJY YMCIOM YCIIEXOB B 3THX HCIBITAHUAX U CPEIHUM YHUCIOM
ycnexoB Oyaet MeHsIe 60.

Pemenne
Hucmo ycnexoB pacnpeiesneHo Mo 3akoHy bepHymu. Marematuyeckoe O0XUIaHUE
(cpennee umcno yenexos): M(X) = np =1200-0.8 = 960
Jucnepenst: D(X) = np(1 —p) =1200-0.8-0.2 = 192

HepaBenctBo YeOrliena:

n
P(lm — np| <£)21—§

IToacrasiisgss 4MCIIOBBIE 3HAYEHUS, [10IYyYaEM:
192
P(lm —960| <60) = 1— 60z 0,9467

IIpumep 5. JlHeBHas BbIpyYyKa Mara3vHa IIAroBOW JOCTYIHOCTH SIBJIETCA

CIIy4allHOM BEJIIMYMHOM, PACHPEICICHHON IO HOPMAIBHOMY 3aKOHY CO CpPEIHUM
3Hadyenuem 25000 py0. u cpenHuM kBagpatudeckuM otkinonenueM 3000 pyo.
1) C nomompio HepaBeHCTBa UeObllIeBa OLIEHUTHh BEPOSTHOCTh TOTO, YTO JHEBHAs
BBIPYYKa Mara3uHa aroBoi JOCTYIHOCTH OyJeT HaxoAuThes B mpeaenax ot 21000 go
29000 py6. 2) Ty ke BepOSITHOCTh HAWTH, UCIMOIB3YS CBSI3b HOPMAJIBHOTO 3aKOHA
pacnpenenenus ¢ Gpynkuueit Jlamnaca.

Pemenune
1) [TycTe cyuaitHas BenuurHa X— JHEBHAS BBIPYUKa.

MaremaTtuyeckoe oxunanue; M(X) = 25000 py6.

Tucnepcust: P(X) = 30002 (py6.)?

OTkIIOHEHHE:!

£ = 25000 — 21000 = 29000 — 25000 = 4000 py®6.

To ecTp BbIpyuKka OTKJIOHHUTCS OT MAaT€MaTHYECKOTO OXHJIaHUS IO aOCOJIIOTHOM

BenuuuHe He 6osee yem Ha 4000 pyo.

HepagenctBo YeOsIiena:

D(X)
2

Pl Xx—MX)|=e)=1 — 7

B namewm ciyuae:

P(|X — 25000| < 4000) = 1 30007
B = = 40002

2) Ilpennonarasi, 4To ciy4daiiHas BeJIMUYMHA X pacipe/iesieHa o HOPMaJIbHOMY 3aKOHY:
£ 3000
—_ < - — | = | = = - =
P(| — 25000] < 4000) = 20 (J) 20 ( 700 0) 20(0,75) = 20,2734 = 0,5468
N3 nonydeHHbIX pe3yJabTaTOB BUJIHO, YTO MOJIYYEHHOE TOYHOE 3HAUEHUE BEPOSATHOCTH

COOBITHS HE MPOTHUBOPEUUT €€ OLIEHKE, TIOJYyUYEeHHOW Mo HepaBeHCTBY YeOnlieBa, Tak
kak 0,5468 > 04375

= 0,4375



IIpumep 6. B pe3ynbrare 200 HE3aBUCUMBIX ONIBITOB HaliieHbl 3HaueHus1 CB
X1, Xz, ..., X200, mpraemM M(X)=D(X)=2. OnieHuTtb cBEpXy BEpPOATHOCTU TOTO, YTO
abCoMIOTHAS BEIMYMHA PA3HOCTH MEXAY CPETHUM apu(METHIECKIM 3HAUCHUEM

CIIy4alHOW BEJIWYUHBI
200

200 L
n=1

1 MaTEeMaTHYEeCKUM OXKHUJaHueM MeHbIe 0,2.
Pentenue
HepasenctBo UeOnImieBa B HaleM ciiydae Oy1eT BBITIIAIETh CISAYIOMNUM 00pa3oM:

v D(X)
P(;;XI-—M(X) cel>1—

ne

B Hamewm cinyuae:
n = 200

D(X) =2
M(X)=2

e=02
[Tony4gaem:

200
P IEX 2l<el>1 2 _ 75
2004, & 200-022
=

OtBer: P > 0.75

3amavu 1J1A ayAUTOPHOI padoThI

1. YerporictBo cocrout u3 10 He3aBucumo paboTaromux SJIEMEHTOB.
BeposTHOCTh OTKa3a kaxmoro anmeMmeHta 3a Bpems T paBHa 0,05. C momomipio
HepaBeHCTBa YeOblleBa OLEHUTh BEPOSTHOCTh TOTO, YTO a0CONIOTHAs BEIMYMHA
pPa3HOCTH MEXIY YHCIOM OTKa3aBIIMX OJJIEMEHTOB W CPEAHUM  YHUCIOM
(MaTeMaTUYECKUM OKHUJAHHWEM) OTKa30B 3a BpeMms T OKa)KeTcs: a) MEHbIIIE IBYX;
0) HEe MEHbIIIE ABYX.

2. B ocBeTuTeNnbHYI0 CeTh MapaienbHo BKitoueHo 20 mami. BeposTHOCTh TOTO,
yro 3a Bpemst T samma Oyzaer BkimoueHa, paBHa 0,8. Ilonb3ysch HepaBeHCTBOM
YeOniieBa, OLEHUTh BEPOSITHOCTh TOTO, YTO aOCONIIOTHASI BEJTMUMHA PA3HOCTH MEXIY
YUCJIOM BKJIFOUEHHBIX JIAMII M CPEAHUM YHUCJIOM (MAaTEMAaTHYECKUM OXHUIAHHEM)
BKJIFOUEHHBIX JIaMII 3a Bpemsi T oKaxeTcs: a) MEHbIIIE TpeX; 0) HE MEHbILIE TPEX.

3aavu 1JIA CAMOCTOSITEILHOTO pellieHUus

1. BeposiTHOCTh TOSIBICHUSI COOBITHS A B Ka)XIOM HCIBITAHUU pPaBHA p .
Ucnonb3ys HepaBeHCTBO UeObllieBa, OIEHUTh BEPOSTHOCTh TOTO, YTO YHMCIO X
MOSIBJICHUI COOBITHS A OyIeT 3aK/IIOUEHO B Tpezenax oT o 10 [, ecnu  Oyner
MPOM3BEICHO N HE3aBUCUMBIX HCIIBITAHUH.



Bapuaut 1 2 3 4 5] 6 7 8 9 10
P 0,6 0,4 0,7 0,6 0,3 04 0,8 0.4 0,5 0,7
n 120 150 90 110 | 130 | 180 160 | 170 | 180 | 200
o 48 90 27 44 91 108 32 102 90 60
B 192 | 210 153 | 176 | 169 | 252 | 288 | 238 | 270 | 340

2. Cpennee 3a 4ac KOJUYECTBO 3aKa30B B CEPBUC JOCTaBKU €1bl B OOCICHHBIMI
nepepbiB paBHO a. OIEHUTH MPU MTOMOIIM HEpaBeHCTBa MapkoBa BEpOSITHOCTh TOTO,
YTO B TEUEHUE CICAYIONIEro Yaca Yucio 3aka3oB OyAeT OoJblie, JIM00 PaBHO &.

Bapuanr | 1 2 3 4 S 6 7 8 9
a 300 | 450 | 250 | 340 | 400 | 360 | 280 | 340 | 420
€ 1000 | 1200 | 700 | 1100 | 1300 | 1400 | 950 | 1050 | 1300

Konmponavnwie 6onpocol

1. HazoBuTe TeopeMbl, KOTOPbIE BXOAAT B 3aKOH OOJIBIIMX YHUCEI.

2. Bepno nmu ytBepxkaeHue. Teopema UYeObllieBa MO3BOJISIET € JAOCTATOYHOM
TOYHOCTBIO IO CpeHEN apuPMETUYECKON CyTUTh O MaTEMaTUYECKOM O0>KUJAHUM WIIH,
Ha000pOT, IO MAaTEMAaTUYECKOMY OXHUIAHUIO MPEICKa3bIBaTh OKUJIAEMYIO BEITUUUHY
cpeaHen. Tak, Ha OCHOBAaHHUH 3TOW TEOPEMBI MOKHO YTBEPKIAATh, YTO €CIU IIPOBEIAEHO
JOCTATOYHO OOJBIIOE KOJIMYECTBO U3MEPEHUN ONMPEAEIEHHOTO apaMeTpa mpuoopom,
CBOOOJHBIM OT CHCTEMAaTHYECKOW TOTPEeIIHOCTH, TO CpEIHsAs apupMeTudecKas
PE3YyJITATOB ATUX U3MEPEHUM CKOJIb YTOAHO MAJIO OTINYAETCA OT UCTUHHOIO 3HAYEHUS
HU3MEPSIeMOro mapaMerpa’?



